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Abstract. Solutions to the Cauchy problem for the one-dimensional cubic nonlinear 
Schrodinger equation on the real line are studied in Sobolev spaces H a , for s negative but 
close to 0. For smooth solutions there is an a priori upper bound for the H s norm of the 
solution, in terms of the H" norm of the datum, for arbitrarily large data, for sufficiently 
short time. Weak solutions are constructed for arbitrary initial data in H s . 



1. Introduction 

The Cauchy problem for the one-dimensional cubic nonlinear Schrodinger equation is 



(NLS) 
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iut + u xx + oj\u\ u = 
u(0, x) = uq(x). 



Here u = u(t,x) with (t, x) G [0,T] x R , and to = ±1. As is well known, this Cauchy 
problem is globally wellposed in ff° [13]. For all negative s it is illposed in H s , in the sense 
that solutions (for smooth initial data) fail to depend uniformly continuously on initial 
data in the H s norm [9], [5]. Moreover, for s < — ^, there is a stronger form of illposedness: 
the solution operator fails even to be continuous at 0; there exist smooth solutions with 
arbitrarily small H s norms at time 0, yet arbitrarily large H s norms at time e, for arbitrarily 
small e > 0. 

Our first result, concerning smooth (or more precisely, if ) solutions, implies continuity 
of the solution map at uq = in the C°(H S ) norm for negative s sufficiently close to 0, in 
contrast with the strong illposedness for s < — |. It asserts an a priori upper bound for 
the H s norm of an arbitrary smooth solution, in terms of the H s norm of its datum. 

Theorem 1.1 (A priori bound). Let s > — yo. Then for all R < oo, there exist R' < 



and T > such that for all uq € if satisfying ||uo||/p < R, the standard solution u of 
(jNLSp with initial datum uq satisfies max ig [ ,T] \\ u (t, ')\\h s <■ R' ■ 

For large R, T scales like a certain negative power of R. 

By the standard solution we mean the unique solution of (jNLSp belonging to the function 
space X 0,b for some b > \, or equivalently to C°(if )nL 4 ([0, T] x R). We know of no reason 
to believe that the threshold — A is optimal; slight improvement may be possible via small 
modifications of our analysis. 
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Wellposedness of (jNLSp has been established by earlier authors in various function spaces 
which are wider than H° [Hj,[7],[4] and scale like negative order Sobolev spaces, but do 
not contain H s for any s < 0. We emphasize that those results have a different character 
than ours; uniformly continuous dependence on the initial datum in the norm in question 
is established in those works, whereas it certainly fails to hold |9j,|5j in H s for s < 0. 

Our second main result asserts the solvability of the Cauchy problem, in a weak sense, 
for all initial data in H s for a range of negative exponents s. The precise statement involves 
certain function spaces Y s ' b , which will be specified in Definition 16.11 These are variants of 
the spaces X s,b commonly employed in connection with this equation. For any u G Y s,b , 
\u\ 2 u has a natural interpretation as a distribution (provided that s > — and b > |), 
in the sense that when the space-time Fourier transform of \u\ 2 u is written as an integral 
expression directly in terms of the space-time Fourier transforms of the factors u, u, u, the 
resulting integral is absolutely convergent almost everywhere and defines a tempered locally 
integrable function; see (|7.2p . Thus there is a natural notion of a weak solution in Y s,b : 
We say that u G Y s,b is a weak solution of (jNLSp if the equation holds in the sense of 
distributions, when \u\ 2 u is interpreted as the inverse Fourier transform of the function 
defined by this absolutely convergent integral. 

Theorem 1.2 (Existence of weak solutions). Let s > — A. Then there exists b > ^ such 
that for each R < oo there exist R' < oo and T > such that for all uq G H s satisfying 
\\ u o\\h s < R, there exists a weak solution u G C°([0, T], H s ) n Y s,b of ([NLSp with initial 
datum uq which satisfies max [£ [ ji ||ii(t)||#s < R' . 

Y s,b embeds continuously in C°(H S ) for b > |, so the C°(H S ) part of the conclusion is 
redundant, and is included only for emphasis. 

We do not know whether these weak solutions are unique, let alone whether there exists 
any s < for which the mapping from datum to solution is continuous. 

Our analysis does not rely on the complete integrability pQ of (jNLSp , Our arguments 
would apply, with essentially no changes, to nonintegrable vector-valued generalizations 
of the one-dimensional cubic nonlinear Schrodinger equation, provided that those systems 
obey H norm conservation. 

We have learned that Theorem 11.11 has been proved independently, but with a better 
range of exponents, by H. Koch and D. Tataru [10] , by arguments which have much in 
common with ours. We are grateful to Justin Holmer for helpful comments. 

2. Strategy of the analysis 

The strategy is as follows. We begin by using the differential equation to (formally, at 
least) rewrite the increment — H^oH/p as a multilinear expression in terms of the 

space-time Fourier transform of u. Certain cancellations arise, which have no analogues in 
the corresponding Fourier expression for u(t, x) — uq(x). This leads to an a priori inequality 
of the form | ||it(t)||!p — ||^o||^ | < CIMIj^ft' f° r certain r,s,b with s < and r < s. It 
is this initial step which breaks down if u is replaced by the difference of two solutions, 
preventing us from establishing any continuity of the map no i— ► u. 

Thus a bound is required for the X r ' b norm, in terms of the C°(H S ) norm, but a loss is 
permitted in the sense that r can be less than s. In fj6]we introduce certain function spaces 
Y s,b . Their main relevant properties are: 

(1) For s < 0, Y s ' b embeds in X r ' b , provided that r < (1 + Ab)s. 
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(2) Y s ' b embeds in C^{H S X ~ £ ) for alQ e > 0, provided that b > \. 

(3) If u,v,w € Y s,b then uvw € y s ' b_1 ) under certain restrictions on s, b. 

(4) For solutions of (iNLSj) . there is an a priori bound for the Y s ' norm in terms of the 
C°(H S ) norm, of the form ||u||y s ,6 < C||u|| c o(# S ) + C||«||y s>{> , valid under certain 
restrictions on s, b. 

Thus one obtains a coupled system of two inequalities relating |M|c°(H s ) an d INIy 3 * 6 to 
||uo||-ff s - By restricting attention to a short time T and rescaling, one can reduce matters 
(for s > —5) to the case where uq has small H s norm. Via a continuity argument, the 
coupled system then yields a bound for HuH^o^s) + ||u||y s ,6 in terms of ||ito||_ff s - 

Weak solutions are obtained as limits of smooth solutions; an a priori bound in H s 
yields compactness in H s ~ £ on bounded spatial regions, and it then follows readily from 
the machinery underlying the a priori bound that a weak limit of smooth solutions is a 
weak solution. 

An additional argument is needed to place these weak solutions in C°(H S ), rather 
than C°(H S ~ £ ) n L°°(H S ). We refine the machinery by replacing the squared H s norm 
f \u(t,£)\ 2 (l + |^| 2 ) s d£ by J |{t(i,£)|V(£) d£ f° r weight functions 93 adapted to individ- 
ual initial data, so that S> (1 + \C\ 2 ) S for very large |£|, and show that control of 
J \uq({;)\ 2 (p d£ extends to control of J \v(t,^)\ 2 ipd^ for all solutions v of (|NLSp with smooth 
initial data sufficiently close in H s norm to no- This extra control at high frequencies leads 
to compactness in C°(H S ). 

3. Bounding the norm 

In this section we begin to establish an a priori bound for the C°(H S ) norm of any 
sufficiently smooth solution of (|NLS|) . in terms of certain other norms. For technical reasons 
we work with the modified Cauchy problem 

J iu t + u xx + ( (t)Lu\u\ 2 u = 
1 u(0,x) = u (x) 



(NLS 



where Co is a smooth real- valued function which is = 1 on [0, T], and is supported in 
(— 2T, 2T). Standard proofs of wellposedness in H° (or in H l for t > 0) apply to this 
modified equation. One advantage is that u can be extended to a solution defined for all 

t e R. 

We will study (i(t)u(t,x) where Ci is another real- valued smooth cutoff function sup- 
ported in (— 2T, 2T) which satisfies C1C0 = Co- Because the equation is simply the linear 
Schrddinger equation outside the support of £0) a C°(H S ) bound holds for ((t)u(t,x) for 
one real- valued cutoff function in £ G C^°(—2T, IT) satisfying £Co = Co if and only if such 
a bound holds for every such function. 

Recall [2] the function space X s,b , which is defined to be the set of all space-time distri- 
butions u whose spacetime Fourier transform u is such that 

hf X s, b := [[ \u(t,T)\ 2 (T-e) 2b (0 2s dtdT<w 

where of course (x) := (1 + la^ 2 ) 1 / 2 . 

One of the two principal inequalities underlying our theorems is as follows. The second 
is formulated in Proposition 18.11 



1 The definition of Y s ' h could be modified so that this would hold for e = 0, at the expense of small 
additional complications in the analysis. 
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Proposition 3.1. Let T < oo, T G [0,T ], s G (-5,0), b £ T/iere exists C < 00 

stic/i f/iai /or any sufficiently smooth solutioi^ u of (jNLS*)) wit/i initial datum uq, 



\u 



\\c°([-2T,2T],H B ) \\ u o\\h b 



< c IICi^llx 7 '' 6 



(3.1) 
provided that 

(3.2) r > -| and 6 > |. 

For s > — j, the right-hand side involves a norm which is weaker, in terms of the number 
of spatial derivatives involved, than the C°(H S ) norm. The proof of this result is begun 
below and completed in £|5l using some of the inequalities established in 2J 

We will work with both spatial Fourier coefficients 

(3.3) u(t,£) := [ e- ix ^u(t,x)dx 

Jm 

and space-time Fourier coefficients 

(3.4) «(£,t) := f e- ix t e - itT u(t,x)dxdt; 



it will be clear from context and from the names of the variables which of these two is 
meant in any particular instance. The differential equation ( NLS* ) is expressed in terms 
of spatial Fourier coefficients as 

d 



(3.5) -£u(t, = -ifu(t, + iwCo(t) / u(t, fr)u(t, 6) c?A 



df 



?i-6+?3=C 



where A^ is appropriately normalized Lebesgue measure on {(£1, £2; £3) £ R 3 : £1 — £2 + £3 = 

0- 

Consider any sufficiently regular solution it of (lNLS*j) . Let tp : R — > [0, 00) and define 
the modified mass 



(3.6) = ^(t,n) := / \u(t,0\ 2 <p(0 

We will be primarily interested in tp(£) = (Q 2s , but more general weights will be needed to 
establish the full conclusion of Theorem [TT^J 

A short calculation shows that we have the "almost conservation law" 

d$ 

— — = Re (cwX) 
dt 1 ; 

for where c is an absolute constant, I is the multilinear integral 



(3.7) i{t) = i^u, t) : = co(t) y_ u(t, 6)s(t, &) v<£ ) ), 

£ = (£i> ' ' ' > £4) £ R 4 is a multi- frequency, H C R is the hyperplane 

(3.8) S -6 + 6 -& = ()}, 
A is appropriately normalized Lebesgue measure on S, and 

(3.9) V(0 := " ¥>(6) + ¥>(6) " ¥>(£0- 
Thui|$(t)-#(0)| < |/*J(r)dr|. 



2 For instance, Mo £ # 10 would suffice. 

3 As usual, we use X < Y to denote an estimate of the form X < CY for some constant C, depending 
only on the exponents r, s and 6 which will appear later in this paper. 
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Introduce also 

(3.10) (jfo, ■••,&):= £ 2 - Zl + el " tl 

a has the useful alternative expressions 

(3.H) ace) = 2(6 - e 2 )(6 - e 2 ) = 2(6 - e 4 )(e 3 - u) = m - &m - &) vf g s. 

We have the following basic cancellation bound (cf. [6]): 

Lemma 3.2 (Double mean value theorem). Let £ = (£i, • • • , £4) 6 H C I 4 . If 92 G C 2 and 
aZZ 6 belong to a common interval I then )| < |f(£ )l niax yg / |<//'(y)|. 

Proof. 9?(£ 2 )— <£>(£i) = (6— £1) Jo < / 7 '(ei+i(e2 — ei)) Writing the corresponding expression 
for <p(£ 4 ) - ^(£3), and noting that (£ 2 - £1) = -(£ 4 - 6) since £ G H, gives 

m = (£2 - £1) f b'(£i + i(£ 2 - £1)) - ^(£4 + i(£a - £4))] rft 

JO 



□ 



(£ 2 -£i)(£i-£ 4 ) // ^'(£i + t(£ 2 -£i) + Ke4-ei)^dt. 
'[0,1] 2 



In order to control the contribution made by the region not close to the diagonal, express 
each factor u(t, £) in the integral as the inverse Fourier transform of its Fourier transform 
with respect to t, to obtain for all t G [— 2T, 2T] 



12) I fx v {u,r)dr\ <C [ [ TT |u(£„ Tj )\{n - r 2 + r 3 - r 4 rV(£ )l drdA(£ ) 

J0 Js Jm 4 jj{ 



(3 

JO JZJR 4 

where C depends on T and f = (t\, ■ ■ ■ , T4). The notation u denotes here the Fourier 
transform with respect to both spatial and temporal variables. 
Write 

(3-13) R&Tj)] =: (^(rj-^r'gji^rj). 

Then \\gj = \\ u \\x r < b - The right-hand side of (|3.12p becomes 



(3 



14) / / n (^(en,r n )(£ n }- r (r n -£2}- b )|^(£)|dA(£)(T 1 -r 2 + r3-r 4 }' 1 df. 



In the £[5]we will complete the proof of Proposition 13. 1 1 by showing that for <£>(£) = (£} 2s , the 
integral f)3. 14|) is majorized by CfT n=1 ||fl'n||L 2 (R 2 ) provided that s, r, b satisfy the hypotheses 
of the proposition. 

4. TRILINEAR INEQUALITIES OF STRICHARTZ TYPE 

A prototypical inequality of Strichartz type says that for h G L 2 (M), the solution u of 
the linear Schrodinger equation with initial datum h belongs to L 6 (M 2 ). Therefore any 
three such solutions satisfy U1U2U3 G L 2 . Rewritten on the Fourier side by means of the 
Plancherel identity, this becomes 

„ 33 
(4.1) I / /(£i-£ 2 + £3,£i 2 -£ 2 2 + e3 2 )n^^)^l <IIll^ll^wll/lli 2 

J n=l n=l 
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One version of the bilinear Strichartz inequality, expressed directly in terms of Fourier 
variables, states that for any subset £cl 2 , 



(4.2) 



± £ 2 ,£ 2 ± g)hl(Sl)h2fa)XE(Sl,t2) #1 #2 

,-l/2| 



< ( min |£i-£ 2 |) II/IIl2(r2)||/ii||l2( R i)||/i 2 ||l2 

(?1>6)6-B 



where the two ± signs are either both +, or both — ; this represents the pairing of / with 
a bilinear operator applied to h\,h-2,. This is due to Carleson and Sjolin [3], and is a 
direct consequence of Cauchy-Schwarz via the substitution (£i,£2) (£1 ±£2,£ 2 ±£l)- Its 
advantage, in practice, is that it provides a superior bound when |£i — £2! is large. 

In this section we establish certain versions of the trilinear inequality (|4.ip which incor- 
porate improvements similar to the factor |£i — £2|~ 1 / 2 in (|4.2p . These arise naturally in 
the analysis of the Fourier transform of a threefold product uvw of functions in spaces X r,b 
or Y s > b . 



4.1. Statements of inequalities. 
Proposition 4.1. Consider 

(4.3) / / n^(^' r ")( r "-^) _/3n ^( L ^)) dA ^) dA ^) 

■/£ e£>C=. Jti-t 2 +T3-T4=0 n=1 

where each g n > 0, i,j € {1,2,3,4} are distinct, E C R 1 is any measurable set, and 
L : R 4 — ► R is a linear transformation. Suppose that 

• Pn > 2 f or a ^ but at most one index n, and j3 n > for all n. 

• i,j have opposite parity. 

• L belongs neither to the linear span of {£i, £j, £1 — £2 + £3 — £4}, nor to the linear span of 
{£fc,£z,£i -£2 + £3 -£4}, where {i,j,k,l} = {1,2,3,4}. 

Then there exists C < 00 depending on L such that (14.30 is majorized by 

4 

(4-4) C7|^| 1 / 2 max(|£ i -£ j r 1/2 ^(£)}- /3 ) II IWI^W 

^ s n=l 

where j3 = min n f) n . 

In our application, L will take the form L(£ ) = £^ — £^ for some fj, 7^ v. If {/i, z/} equals 
neither {i, j} nor {1,2,3,4} \ {i,j} then L satisfies the hypothesis. 
A variant of this inequality applies to other linear transformations L: 

Proposition 4.2. Consider (|4.3p with -L(£ ) = £& /or some k ^ {^i}- Suppose again 
that (3 n > 5 /or a// frni at most one index n, and /3 n > /or all n. Suppose that \E\ < 
min|- g5 , |£j — £j|. Let (3 := min n/ 3 n . T/ien i/iere exists C < 00 snc/i i/iaf (|4.3|) is majorized 
by 

4 

(4-5) < |E|VW([& _ e .|-i/4 (a( |' )) -/3) Yl \\g n \\ L2(m . 

^ S n=l 

Remark 4.1 (Trilinear Knapp example). (I4.5P is (in practice) weaker than (|4.4p . because 
|2£|/ ming |£j — £j| is raised only to the power |, rather than ^ as in Proposition 14. 1[ The 
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exponent \ in (j4.5f) is however optimal. We will show this for 

(4.6) / G(6 + 6 - U, il + " d) IT M&O X[C4|<iXs(f) #i #3 #4, 

which is a simplified version of an expression arising in the proof of Proposition 14.21 (see 
the case v = 2); the example can be adapted to precisely the situation arising there. 

Suppose that min s |£i-£ 2 | > 1. Then ([4J3J) is bounded by < min s |£i— ^T^HGH^ \\ n ^ 2 \\h n 
as will be shown in the proof of (|4.5p below; we claim now that the exponent \ cannot 
be improved. To see this, define /14 to be the characteristic function of [0, 1], h\ to be the 
characteristic function of the interval [N, N + A], and /13 to be the characteristic function of 
[N + N 1 / 2 , N + N 1 / 2 + A]. Let A be a sufficiently large positive constant, and define G(x, y) 
to be the characteristic function of the set of all (x,y) G R 2 satisfying \x — 2N\ < AN 1 / 2 
and \y + 2N 2 + 2iV 3 / 2 - 2Nx\ < AN. 

A short calculation shows that if A is chosen to be sufficiently large then G(£i + £3 — 
£4,^1 + £3 — £4) = 1 whenever h n (£ n ) 7^ for all n G {1,3,4}. Therefore the integral 
is simply \[ n ^ 2 f R1 h n ~ A?" 1 / 2 • N 1 / 2 • 1 = iV. On the other hand, [|G[| L a ~ iV 3/4 , while 
||/i n || i 2 ~ A^ 1 / 4 for n = 1, 3 and ~ 1 for n = 4. Thus the product of the four L 2 norms has 
order of magnitude A" 5 / 4 , and consequently the ratio of (|4.6|) to the product of norms has 
order of mag nitude N/N 5 / 4 = A r_1//4 . Since £2 — £1 = £3 — £4 has order of magnitude A 7 ", 
this is the ratio claimed. □ 

The analysis of (|3. 14[) is a bit more complicated because the relation t\ — t 2 + T3 — 74 = 
is replaced by the slowly decaying factor (n — 72 + T3 — T4) . It requires a third variant: 

Proposition 4.3. Consider 

4 

(4.7) / / (r 1 -r 2 + T 3 -T 4 y 1 flg n (U,T n )(T n -en)-^Hi)XE(L(i))dX(i)dT 

where g n > 0, (ft > 0, and /3 n > i /or a// n. Let i 7^ j G {1, 2, 3, 4} and Ze£ L : R 4 — > R 6e a 
linear functional satisfying the hypotheses of Proposition \4-l\ Then (|4.7|) is majorized by 

4 

(4-8) < J] lkllL 2 (R 2 )|£| 1/2 max [<M£ )|£| 1/2 M£ J)" 1 + </>(£)!£* " ^l" 1/2 ^(f )> _/J 
n=i ^ s L J 

where (5 := min n /3 n . 

While (|4.7p is formally similar to (|4.3p , a significant contribution to (|4.7p can arise from a 
region in Fourier space which has no analogue in (|4.3p . This region contributes an additional 
term in (|4.8|) . In our application, will be 

4.2. Proofs of inequalities. The essence of Propositions 14.11 14.21 and 14.31 lies in the 
following two simpler inequalities. 

Lemma 4.4. Leti,j,k be the three elements o/{l,2,3} ; written in any order. Let £ : R 3 1— > 
R 1 satisfy dijd^ 7^ 0. Then for any nonnegative measurable functions G,g n of two and 
one real variables respectively, any measurable sets E C R 1 and ScS, the quantity 



(4.9) 



3 

/ FT 9n(Cn)G(Ci - 6 + £3, £ 2 - £ 2 2 + £ 3 2 )xs(£ )xsm )) #1 d£ 2 d£ 3 
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is majorized by 

3 

(4-10) < \\G\\v [J Wgnh^E^imm^-^r 1 / 2 

n=l ^ S 
where the implied constant depends on I. 

Proof. Consider the case where {i,j} = {1,2}. Apply Cauchy-Schwarz to majorize by 



(4.11) ( / G 2 (6 - 6 + £3, tl - tl + £l)<7§(6) 6, 6) 



The left-hand factor is majorized by < ||G||£2 ||g3||£2(mins |£i — ^l) -1 ^ 2 ; this is seen 
by first fixing £3 and integrating with respect to (£i,£2)> making the change of variables 

(6,6)^(£i-ae 2 -£ 2 2 )- 

To analyze the right-hand factor, first integrate with respect to £3, obtaining a bound of 

(4.12) < \E\ X I\ J 5l 2 (6)5 2 2 (6) d£i d6) 1/2 

since d(./d^ 7^ 0. Then integrate with respect to (^1,^2)- Multiplying these bounds for the 

two factors yields < ||G|| L 2 JlLi ||5n||L2|£| 1/2 (min 5 |£i - 6|)~ 1/2 - 

The same reasoning applies for other {i,j}; in all cases |£j — £j| arises, rather than 
+ ' " □ 

Lemma 4.5. For m = 1, 2 let L m : M 4 — > R 6e linear junctionals such that {£1 — £2 + £3 — 
£4, Li, L2} is linearly independent. Then all nonnegative measurable functions g n € L 2 (M 1 ) 
and a// measurable sets E m C M 1 , 

. 4 2 2 4 

(4.13) ll[9n(Zn) II X^( L m(OMA(£) < ]J l^| 1/2 II IM^' 
" n=l m=l m=l n=l 

Proo/. Consider the multlinear form T(g 1 , •• • ,0 6 ) ■= fsl\n=i 9n(Cn)g5(Li(t))ge(L2{0) d\(^). 
By Cauchy-Schwarz, 



))! 2 ^ 1 ' 2 



|T( 5 1,--- , 56 )| < ( / II l5n(£n)| 2 ^A(0) 1/2 ( / |<74(£4)| 2 |55(il(0)| 2 b6(^2(£ 

The first factor is a constant multiple of IX/=i Ibj'lb- The assumption that {£1 — £2 + £3 — 
£4, £1,-^2} is linearly independent implies that the second factor is a constant multiple of 



Proof of Proposition \4-l\ Now consider the quantity given in the statement of the propo- 
sition. Introduce p n = T n - £ 2 . Since pi - p 2 + pz - Pi = £1 - £2 + £3 ~ £4 = we 
have (p n ) > (c(O) f° r some n - Partition the region of integration into four subregions, 
according to the index n for which \p n \ is largest. By symmetry, it suffices to prove the 
stated bound for one of these subregions. Let v E {1, 2, 3, 4} be arbitrary, and consider the 
subregion consisting of all £ satisfying \p u (£, )| = max n |p n (£)|- 
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Suppose first that v £ {i,j}. Then choose p so that {1,2,3,4} = {i,j, p,v}- The 
contribution of the subregion under examination is 

(4.14) < / ( / g u (±^ ± Ci ± Zj,±tl ± i 2 i ± ?! ± /V ± ft ± ft) n ^) 

{pu)- p "xs(£)xe(H£)) <%i <%j II ^-) _/3n d (^> ft > ftJ 

where the ± sign preceding ^ agrees with the sign preceding £ n for each n G {p, i, j}, and 
where the outer integral extends only over those p n satisfying \p n \ < A. Here h n (£ n ,p n ) = 
9n(Cn,T n ) = g n {£n,Pn +£n); and consequently \\h n \\ L 2 = ||</«.||l 2 - 

Fix (pi, pj, pn). The linear transformation 3 S £ i— > (Cij Ci> Ca*) G ^ 3 is invertible, so 
there is a unique linear functional ) : R 3 i— > R satisfying = The 

hypothesis on L ensures that dL/d^ u ^ 0. The inner integral thus takes the form discussed 
in Lemma 14.41 an d is consequently majorized by 

(4-15) < WguWltp?) II ll5n(-,Pn)||L 2 (Mi)l^| 1/2 SU P (|C i -^r 1/2 ^(0)^) 

since (p u ) > (<r(£ )) at every point of the region of integration. 

It remains to bound EL^ J| Pn |<A Wdni', Pn) IIl^r 1 ) (Pn)~ f3n dp n . If /3 n > \ then 

(4-16) / ||5n(-,ft l )||L2 (M i ) (p n )~ /3 " dp n < ||5„||l2( R 2) 

JR 

by Cauchy-Schwarz. If /3 n > | for aW n ^ v then the desired bound is obtained. 

Otherwise there remains exactly one index m ^ v such that (3 m < |. Then /? = /3 m , and 
> (3 m . Since (p^) > (p m ), (<r(£ )} throughout the region of integration, one has 

This factor of (ftn)^ m_/3 ", multiplied by the factor of (/0 m }~^ m already present in the integral, 
becomes (p m )^^ v . Since (3 V > §, the analysis can be completed as above. This concludes 
the analysis, in the case where v ^ 

Suppose finally that u G {i,j}; by symmetry, we may suppose that v = i. Writing 
{1,2,3,4} = {i,j,k,l}, the equation for S, together with the hypothesis that i,j have 
opposite parity, imply that |£j — £j\ = \Ck ~ 61 f° r an £ £ ^7 whence ming |£j — £j| = 
ming |£fc— &|. Therefore {i, j} can be interchanged with {k, I}. Define p so that {1, 2, 3, 4} = 
{p, u, k, I}. The hypothesis on L is explicitly formulated so as to be unaffected under this 
symmetry. Therefore the above reasoning applies, and again yields the stated bound. □ 

Proof of Proposition \4-S\ (|3.14p is invariant under the permutations (1, 2, 3, 4) i— > (2, 1,4, 3), 
(1,2,3,4) i-» (3,2,1,4), (1,2,3,4) h-> (1,4,3,2), and consequently also (1, 2, 3, 4) i-» (3,4,1,2) 
of the indices. Therefore it is no loss of generality to assume that i = 1, j = 2, and k = 4. 

We follow the proof of Proposition 14.11 In the case when v ^ {1, 2}, because L(£ ) = £4 
does not belong to the span of the three linear transformations £1, £21 an d £1 — £2 + £3 — £4, 
that proof applies without alteration and yields the upper bound (|4.4p . Since ming 
£2! i$ 1 by hypothesis, (|4.4p is majorized by a constant multiple of the desired bound (|4.5p . 
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Consider next the case where v = 2. Then because £1 — £2 = — (£3 — £4)) Lemma 14.41 can 
be applied with the roles of the indices 2, 4 interchanged to obtain a bound 

4 

(4.17) < \E\ 1 / 2 max (|& - ^-^(a^))^) TT ||g n || L2(R2) . 

^ s n=l 

Another bound is also available. Apply Proposition 14. II with L replaced by L(£ ) = £1 — £3; 
L does not belong to the span of {£i,£2>£i — £2 + £3 — £4}; n or to the span of {£3, £4,^1 — 
£2 + £3 — ^4}, so the hypotheses are satisfied. This yields an alternative bound 

4 

(4.18) < max |fc - ^| 1/2 max (|6 - kir^Vd*))^) TT IWI^M 2 )" 

If maxs |£i — £3] is comparable to ming |£i — £3], then taking the geometric mean of these 
two upper bounds yields the desired bound (|4.5p . Decomposing S into subsets S K in which 
|£l ~~ £3! is comparable to 2 K for arbitrary k G Z, invoking whichever of (|4.17p . (|4.18p is 
more favorable for each k, and summing over k yields the same bound in the general case. 

Finally, when v = 1, apply Lemma 14.41 with the roles of the indices 1,4 interchanged, 
and repeat the above discussion for the case v = 2, replacing £1 — £3 by £2 — £3 throughout. 
The reasoning is otherwise unchanged. □ 



Proof of Proposition Substitute r n = p n + and g n (t,n,T n ) = g n (£,n,Pn) for all n £ 
{1, 2, 3,4} to transform the integral into 

4 

(4.19) / / (pi-p2 + P3-p4 + 0-(i))- 1 f\UZn,Pn){Pn)-^HZ)XE(L^ 
JR4 JSCS ^ 

where g n has the same L 2 norm as g n . 

Begin with the region where \p n \ < § (<?"(£ )) for all n 6 {1, 2, 3, 4}, which has no counter- 
part in Proposition 14. 1[ Its contribution is comparable to 

(4.20) / / TT 9n(Cn, Pn){Pn)- Pn (0-(())- l mXEm)) dA(|*) dp. 

Since all (5 n are assumed to be strictly > ^, applying Cauchy-Schwarz to the integral with 
respect to all p n gives an upper bound 

r 4 

(4.21) < / nM£n)(^(orV(Ox£(£(e)MA(e) 

Jscs n=1 

where h n {£ n ) = \\g n (Cn, QIIl^ ri) = lbn(£n, OIIl^ri)- 
According to Lemma |4.5| (|4.21|) is 

(4-22) < \E\W H \\g n \\ L 2 {R2) max (^X^))" 1 ^ 1 / 2 " 

n 

since the linear functional L does not vanish identically on S. 

It remains to treat the region where max n \p n \ > It is no loss of generality to 

restrict attention to the region where \p±\ = max„ \p n \- An upper bound for the integral 
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over this region is 

(4.23) / / ( / (pi - p 2 + p 3 ~ P4 + <r(g )) _1 54(e4, Pi) d P 4 

^(pi,P2,P3)6R 3 JScS v J P4 m y 

3 3 
II (9n{Zn,Pn){ P n)- Pn ) <<r(£W(f )Xe(L(£)) d\(g ) J[d Pn . 
n=l n=l 

Consider the contribution of a subregion in which (p^) is comparable to an arbitrary con- 
stant A > (<r(£ )}. Then the innermost integral is the convolution of 54(^4, •) with an L 2 (R) 
function, evaluated at P \ — P 2 + P3 + <r(£ ), so the entire integral can be written as 

(4.24) 

3 4 
/ / G A (U,P1~ P2 + P3 + <r(a)T\9n^n,Pn)HC)XEm))dX(a T\(Pn)-^dp n 

where 1 1 C4 1 1 ^2 < CH^H^. ^4(^4,^1 — P2 + P3 + cr(£ )) can be reexpressed as ^4(^4,^1 — 

P2 + P3 +^1-^2+^1) where = \\Ga\\ L 2. 

This expression is identical to the expression (|4.14p reached in the proof of Proposi- 
tion HTTJ with the role played by (p v )~^ v in (|4.14p now taken by (p^)^^ 4 . The rest of the 
analysis is identical to that of (|4.14p . with the simplification that here all (3 m are > |. □ 

5. Conclusion of the proof of Proposition 13.11 

Lemma 5.1. Suppose that s < 0, r > -\, and b > \. Let ip(£) := Z^ =1 (-l) n (£n) 2s - 
Then 

4 4 
t 5 - 1 ) / / II (9n(tin,T n )(Z n )- r (T n - Q~ b ) |^(£)|dA(f) df < \\ \\g n \\ L 2 { 

Proof. It is no loss of generality to assume throughout the proof that H^nlli 2 = 1 for all n. 
We analyze the integral (|3.14j) using Proposition 14.31 with <f> = tp. Recall the symmetries 
discussed in the proof of Proposition 14.21 These will be used to reduce the number of cases 
that must be discussed in the proof. 

Let N > 1, and consider the contribution to the integral made by the subregion Sn of 
integration in which all are comparable to N. Because of the symmetries listed above, 
we may restriction attention to the region where |£i — £2! < |£i — 64 1- Consider the subregion 
Sn,a where |£i — £2! ~ AN, where A < 1, and examine the bound given by Proposition 14.31 
with L(i) = £1 - £ 2 and E = [-CAN, CAN]. Since \tp(£)\ < N 2s ~ 2 \a(£)\, the maxi- 
mum value over this subregion of |#| 1/2 |VKOIMi*)} _1 |l1 1/2 is < (AN) 1 / 2 N 28 ' 2 ^/ 2 = 
A 1 / 2 ^ 8 ' 1 . Similarly 

m 1 / 2 ^ - u\' ll2 mw{i)r p < \e\ i/2 \^ - u\~ 1/2 mi)Mi)r 1/2 

<i6-6i 1/2 ^ 2s - 2 k(oi 1/2 i6-e 4 r 1/2 

= iV 2 S -2| 6 _ 6| 

< AN 23 - 1 

for all £ G Sn,a- 

Summing over dyadic values of A < 1 gives a bound of < N 28 ^ 1 . Taking the factors 
(£n) r into account yields a net bound of < ]\f 2s - ir - 1 f or the contribution of SV to (|3.14p . 
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Provided that —r < \ — hs, this is < N~ s for some 5 > and hence we can sum over 
dyadic values of N > 1 to majorize the contribution of the entire region on which all four 
quantities (£ n ) are mutually comparable. Since s < 0, this is a less stringent condition on 
r than the hypothesis — r < \. □ 

The relation £i — £2 + £3 — £4 = defining S implies that the largest two of the four 
quantities |£ n | must remain uniformly comparable. Consider next the contribution of a 
region of integration in which some two variables £ n of opposite parity are large, and at 
least one of the other two variables is comparatively small. Because of symmetries, it is 
then no loss of generality to restrict attention to the region where |£i|, |^| ~ N 2 , (£3) ~ N%, 
and (£4} ~ Nq, where the parameters Nq, N\, N2 > 1 satisfy Nq < N\ < iVjj. 

In the subcase in which No ~ JVi, consider the subregion 5a where (£4 — £3] = — 62I has 
some fixed order of magnitude A; necessarily A < N%. There = |£i — £4) • |£i — £2] ~ 

AN 2 , and 

(5.2) m)\ < \<pfa) - <pfa)\ + \<pfa) - ^(6)1 < + Nl'-^A < N^A 

since |£i - £ 2 | = 16 - U\- 

Apply Proposition 14.31 with L(£ ) = £4 — ^3 and (fi(£) = 1^(01 to the contribution 
made by the region of integration Sa to (|3.14p . The maximum value over all £ € Sa of 
\L(£)\V^(£)\(a(t))-i\£\V* u 

(5.3) < A 1 / 2 • N^A ■ (A^y 1 ^ 2 < A^N 2 *' 1 ^ 1 ' 2 = (A/Nq) 1 / 2 ^^ 2 N 2 1/2 . 
The maximum value over all £ G S of |L(0| 1/2 |£i - f4r 1/2 Mf)K<r(f ))~^ is 

(5.4) < A 1 / 2 • iV 2 - 1/2 • Nq S ~ x A ■ (AN^r 1 / 2 < (A/N^N^N- 1 . 

2s-- 

Since A < Nq < N2, the maximum of these two maxima is < (A/Nq^^Nq 2 N 2 l ^ 2 ■ 
Incorporating the factors (£ n )~ r from (|3.14p introduces an additional factor of Nq 2t N 2 2r , 

2s— — — 2r — — — 2r 

leaving a net bound of < (A/Ao) 1/2 A 2 N 2 2 . Summing over dyadic values of 

2s-i-2r — i— 2r 

A ^ Ao yields a bound of < A N 2 for the original region. This quantity is 

< N 2 S for some 5 > if (and only if) — r < \. We may then sum over dyadic Nq < N2, 
then over all dyadic A2. □ 
If on the other hand N < ±N X then A ~ Ni and \ip(£)\ < N Q 2s , so the maximum 
value of \L(g )| 1/2 |^(£ )\{<r(£ )> _1 |l* | 1/2 is < A x 1/2 • N 2s ■ (N 1 N 2 )- 1 N 2 /2 , giving a net bound 

_I_ r -1-2 

of N Q 2s ~ r N 1 2 N 2 2 , which again is < A^* 5 for some 5 > if and only if — r < \. 
Likewise the maximum value of |L(£ )[ 1 ^ 2 |£i — ^l -1 ' 2 ^^ )|( cr (£ )) - ^ is 

(5.5) < A x 1/2 • A~ 1/2 • N 2s ■ (iVxiVs)- 1 / 2 < N 2s N^N 2 \ 

leading once again to the less stringent requirement — r < \ — is. □ 
Because the roles of the four variables £ n are not completely symmetric, it is necessary 
to analyze separately the subcase in which again Ao < thAi < ]^jA 2 , but (£4) ~ Ao, 

(&) ~ N u and |£i|, |6| ~ N 2 . Then \a(£)\ ~ A 2 2 , and |^(|*)| < A 2s . Thus |a(0| is at 
least as large as in the above analysis. Since it was raised to negative powers above, this 
new situation is more favorable. Therefore the hypothesis — r < 4 again suffices. □ 
When the various symmetries between the indices {1, 2, 3, 4} are taken into account, the 
above discussion exhausts all possible cases, and the proof is complete. □ 
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Proof of Proposition [Ol It suffices to bound \\u(t, -)\\h s f° r t in the support of Co? since 
T(t) = for other t. For such t, u(t,x) = £i(i)u(t,x) and hence u can be replaced by 

Ci{t)u throughout the above discussion. Thus can be replaced by ||Ci u llx r > ,) on the 

right-hand side of the inequality. □ 

6. Y s > b NORMS 

The purpose of this section is to introduce certain function spaces Y s,b , variants of the 
spaces X s,b employed by Bourgain [2] and then Kenig, Ponce, and Vega [5] to establish 
wellposedness of the nonlinear Schrodinger and Korteweg-de Vries equations. An a priori 
bound for \u\ 2 u in these spaces, in terms of u, will be proved in the following section. 

Proposition 13.11 asserts an a priori upper bound for a solution in C°(H S ) in terms of 
an X r ' b bound. Rather than establishing an X r,b bound directly, we will work with Y s,b . 
Whereas the usual argument establishing an a priori X°' b bound for a solution breaks 
down for X s,b for s strictly negative, it continues to apply for Y s,b when an upper bound 
in C°(H S ) is known. Y s,b strictly contains X s ' b , but embeds in X r,b for certain r < s; see 
Lemma 16.21 

Define the scaling operator 

(6.1) T x u(t, x) := Xu(X 2 t, Ax); 

T\ acts on distributions u defined on R 2 . It maps any solution of the cubic nonlinear 
Schrodinger equation to another solution. We use the same notation for functions of x 
alone: T\f(x) := A/ (Ax). 

Define also the (rough) Littlewood-Paley projections 

if |f | < N 
if |f | > N. 



(6.2) P<nu(C,t) :-- 




We say that a function / is M -band-limited if /(£,t) = whenever |f | > M. 

Fix an infinitely differentiable, compactly supported cutoff function rj G C^°(M 1 ) satisfy- 
ing 77(0) 7^ 0. 

Definition 6.1 (Y s,b norm). Let s,&£l with s £ [—^,0]. For any tempered distribution 
u defined on M 2 whose space-time Fourier transform u(f,r) belongs to L 2 oc (lR 2 ), 

(6.3) || ii||y*,& : — sup sup \\r](t — t())T N 2s (P<N u )\\x°, b ■ 

t £RN>l 

It would be slightly more natural to form an £ 2 norm over a dyadic sequence of values 
of N, rather than a supremum, but the definition used here is a bit simpler to work with, 
and is sufficient for our purpose. Observe that if / is TV-band- limited, then T N 2sP < ^ f is 
iV 1+2s -band-limited. 

For functions / supported in any fixed bounded interval with respect to time t, 

(6.4) sup / / \RH,t)\ 2 (0 2s (N^(r - e)f b d£dr < \\f\\^ b , 

although the reverse inequality does not holdQ this inequality can be derived as in the proof 
of Lemma 16.21 below. Because s is negative and b positive, the factor (A r4s (r — f 2 )) 2fe is 



4 For r = (l+4&)s and |£| of some fixed order of magnitude N > 1, the left-hand side of (|6.4[) is equivalent 
to the X r ' b norm squared in the region where jr — £ 2 | > N~ 4s ; it becomes larger as |r — £ 2 | becomes smaller 
than this threshold. 
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weaker than the corresponding factor (r — £ 2 } 2b that appears in the X s,b norm. Thus X s,b 
embeds continuously in Y s,b . 

Our first lemma is a simple consequence of the definition; the proof is omitted. 

Lemma 6.1 (Insensitivity to smooth cutoffs), (i) If h : R — > C is compactly supported and 
infinitely differentiable then \\hu\\ys,b < ||w||y*,i for all u £ Y s,b . 

(ii) Changing the cutoff function rj in the definition ofY S)b leads to an equivalent norm, 
provided that rj E C°° is compactly supported, and not identically zero. 

Remark 6.1. For s < 0, the spaces Y s,b are natural from the point of view of the extant 
H° theory. If an initial datum uq for (jNLSj) is iV-band-limited in the sense that Uq(£,) 
is supported where |£| ~ N, and if || Mollis ~ lj then uq £ H , but with large norm 
||ito||ff ~ N~ s . Hence the Cauchy problem with initial datum uq has a solution belonging 
to X 0,b . This does not follow from the usual fixed point argument, since uq may be quite 
large in H°. Instead one can partition the interval [0, t] into sufficiently short subintervals 
that a fixed point argument applies on each, and invoke H° norm conservation. 

An equivalent way to do the first time step is to solve the Cauchy problem for unit time 
with rescaled initial datum T\ N uo, where A at = N 2s , then to reverse the scaling. The 
exponent is chosen so that HT^tioHffo < 1 uniformly in N > 1. Successive time steps are 
done in the same way. 

The next simple lemma makes possible the conversion of bounds in Y s,b to the more 
standard spaces X r ' b . 

Lemma 6.2 (Y controls X). Let s < and b > 0. For any A < oo and any r < (1 + 4b)s 
and all Schwartz class functions f(t,x) supported where \t\ < A, we have 

(6-5) H/|lxr,B< ||/||y.,». 

The converse inequality is not true; in the region where |r — £ 2 | <C (0 _4s > the Y s,b norm 
is stronger than the X r,b norm even for r = (1 + 46)s. We make this conversion both for the 
sake of conceptual simplicity, and because it simplifies certain calculations later on; retain- 
ing the full strength of the Y s,b bound does not seem to lead directly to any improvement 
in our main theorems, although it might contribute to some small improvement if combined 
with other refinements. 

While Lemma 16.21 is needed to control d&/dt, a variant will be used in establishing the 
Y s,b norm bound. For any real number M > 1 define the X r ^ and X r ^ norms by 

||/||^:= // m,T)\ 2 {H/M) 2r (T-e? h dTdt. 

J JR2 

\\9\\\r, b := [[ \g(C,r)\ 2 (C/Mf r (r-e) 2b drdC = c\\g\\ 2 xr , b . 

Likewise define 

\\g\\ 2 xr, b ■■= [[ \g(C,T)\ 2 (H) 2r (T-e) 2b dTdti. 

J JR2 

Lemma 6.3 (1" controls X, again). Let s < and b € (f,l)- Let r < (1 + 4b) s. Then 
for any f G Y s,b , any N > 1, and any to € M, the function g(t,x) = r)(t — to)T N 2sf(t,x) 
belongs to X r j^ l+2a with bound 

(6-6) \\g\\ x r-b <||/||y.,». 
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Choose any smooth, compactly supported function rj such that X^ez 7 ?^ — i) = 1 f° r an 

t e R. 

Lemma 6.4 (Littlewood-Paley inequality). Xe£ s < and 6 € R. Let g be any Schwartz 
function, and define gj = Tj(t — j)g so that g = Y2jez9j- Then the summands gj are almost 
orthogonal in X 0,b norm, in the sense that 

( 6 - 7 ) IMU^c^ii 9j\\xo,b ) 

j 

where C < oo depends only on s,b,r]. 

Proof. Introduce the spatial Fourier transform J-g{t,£) = L g(t, x)e~ lx ^ dx. Let J(t) be 
the distribution in ^'(R 1 ) whose Fourier transform is (r) b . Then J may be decomposed as 
J = Jo + Joo where Jo is compactly supported and J^ belongs to the Schwartz class. 
Now 



(6.8) 



\9\\x°' b 



Fg*[e* V(t)) 



L 2 



where * denotes convolution, taken with respect to the t variable alone for each fixed value 
off. S inc6 Joo is a Schwartz function, 



(6.9) 



^g*(e i ^ t J 00 (t)) 



< 



L 2 



E 



,2 vl/2 
\L 2 ) ' 



and since b > 0, \\gj\\ L 2 < Hffjllxo.*- 

There exists a finite constant Co, depending only on r\ and on the support of Jo, such 
that no point (t,x) belongs to the support of gj for more than Co integers j. Because the 
cutoff functions rj(t — j) are independent of x, the same bounded overlap property holds 
for their spatial Fourier transforms Tgj(t,£). Because Jo has compact support, it follows 
that likewise no point belongs to the support of Tgj * (e 1 ^ t Jo(t)) for more than Co 
integers j. 

Therefore 



Tg * (c* 2 * Jo W) \ l2 < \F9i * (e iet Mt)) 



2 

L 2 



< 



E // \9j(T,t)\ 2 \J (T-e)\*drdt 



< 



2 



since |J | = |J - Joo| < | J| + C < (r) fe + C < (r) 6 since 6 > 0. 



□ 



Proof of Lemma \6.2l Let / be given. Let r := (1 + 46) s. It suffices to show that for all 
N > 1, 



(6.10) 



T)r<r-e 2 } 2fc <o 2r ^T 



< 



2 

ys,t> , 



since summing over all ./V = 1,2,4, 8, .. . then yields the required bound for all r strictly 
less than (1 + 46) s. 

Define gj := r](t — j) • T N 2sP < n f , and g := J2j£z9j> as m Lemma [6741 All but at most 
CN~ 4s terms in this decomposition vanish identically, because of the hypothesis restricting 
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the support of / with respect to t. Moreover /(£, r) = N 4s g(N 2s ^, N 4s t). Consequently a 
trivial majorization of the I 2 outer norm in (j6.7l) gives 

(6.H) \\g\\ x0 , b <N- 2s max \\ 9j \\ x0 , b < N~ 2s \\f\\ YS>b . 

Now (since 1 + 2s > 0) 

/ / \m,T)\ 2 (r-e) 2b (o 2r dtidT 

[ [ \g(N 2 ^,N 4s r)\ 2 (r - e) 2b (0 2r didr 



= N 8s 



N 2s / / \g(£,T)\ 2 (N- As (T - £ 2 )) 2b {N- 2s 2r d£dT 

N 2s [ [ \g(t,T)\ 2 (N- 4s (T-£ 2 )) 2b N 2r d£dT 



< jy2s-8bs+2r 



< N 2s - sbs+2r \\g\\ 2 x0 , b . 

<N- 2S - 8bS + 2r \\f\\ 2 y a , b 



[ m,T)\ 2 {T-e) 2b dndT 

Jt&R 



by (IBTTT]) . This is < [|/[|y 8)i) under the hypothesis that r < (1 + Ab)s. □ 

The proof of the related embedding property stated in Lemma 16.31 is nearly identical to 
that of Lemma 16.21 so is left to the reader. □ 

Proposition 13.11 together with the embedding of Y s,b in X r,b established in Lemma 16.21 
yield 

Proposition 6.5. Let Tq < cc, T € [0,To] ; s € (— ^,0) ; b G (^>1)- For any sufficiently 
smooth solution u of (INLS* ) with initial datum uq, 



(6.12) ll u llc' ([-2T,2T],/i' s ) — II^oIIh 8 + C IICl u llys,i> 

provided that s < 0, b > \, and —s < j(l + 46) _1 . 

To use this bound we of course need to control the Y s,b norm of u. This will be accom- 
plished in the next two sections. 

7. Bound for \u\ 2 u 
The objective of this section is to prove the following nonlinear estimate. 
Proposition 7.1 (Trilinear estimate in Y s,b ). Suppose that s > —j^ and b € (^,1) satisfy 

(7.1) - 3 < (1 + 46)" 1 min + f (1 - b), ± + §(1 - b)] 
Then for any u,v,w € Y s,b , 

(7.2) ||liUt«||y s ,6-l < ||li||ys,b ||u||y a ,b||u;||y a ,6. 

The product uvw, by virtue of having a locally integrable space-time Fourier transform, 
consequently has a natural interpretation as a distribution. 

(|7,2p is a variant of a well-known inequality in which Y s,c is replaced by X 0,c throughout. 
Here there is a tradeoff: Once the parameter iV in the definition of Y s ' b ~ l is fixed, no bound 
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is asserted for uvw(£, r) for |£| 3> N, but ii, v, w are allowed to lie in spaces of mildly negative 
order. 

The right-hand side of (|7.ip equals j£ when b = |. Thus for any s > — ™ there does 
exist 6 € (|, 1) satisfying (17. ip . 



Proof. The definition of the Y S) norm involves a supremum over N > 1; fix iV. Set 



M := iV 1+2s . Choose r very slightly less than (1 + 46) s, and recall the X r J? 1+2a bound 



formulated in Lemma [ 

Pair the space-time Fourier transform of uvw with (r — £ 2 ) 6_1 <74(£, t) where 54 € L 2 (IR 2 ). 
Substitute for the Fourier transforms of u, v, w as in A3. 13H . Matters then reduce to showing 
that 

4 4 
L I II (Sndn, r n )(U/M)- r (r n - £>~MxSb(f) dA(r) dA(£ ) < n ||2n|b(K«) 

uniformly for all M > 1, where (5 n := 6 for n < 3 and /?4 := 1 — 6, and So := {£ : < M}. 
Assume with no loss of generality that Hffn ||z, 2 (R 2 ) = 1 f° r all indices n. 

An important special case arises when all |£ n | are < M = N 1Jr2s . For this subregion, the 
desired inequality is nothing more than the well-known X ^ 1 bound for \u\ 2 u in terms of 
\\ u \\ 3 x o,b ( see e.g. [IT]). 

Consider next the contribution to the integral of the region where |£ n | ~ AM for all 
for some single A>1. For all such £ , |cr(^ )| ~ (AM) 2 , so since min(6, 1 — 6) = 1 — 6, 
an application of Proposition 14.21 with L(£ ) = £4 yields an upper bound of the form 

fl/fl/4 1 

(7.3) , j- (AM)' 2 ^'^ A~ 3r = M - 2 ^A-I- 2 ^- 3r 

and we need both exponents to be negative. The exponent —2(1 — 6) on M is certainly 
negative since 6 < 1. Thus we need 

(7.4) _ r< ^ + |(l_ 6 ). 

Y s,b embeds in .XTv for all r < (1 + 46)s uniformly in M > 1, in the sense expressed by 
Lemma 16.31 so this expression is appropriately controlled by the product of Y s,b norms 
provided that (|7.ip is satisfied. 

A more delicate case arises when |£j| ~ AM with A 1 for two values of j S {1,2,3}, 
but ~ BM where B < A/10 for the third index. If n = 2, then cr(£) ~ (AM) 2 , and 
the above analysis applies; the sole change is that one factor of A~ T is now merely < B~ r , 
which is a more favorable bound since B < A and r < 0. Thus it remains only to discuss 
the case where n is odd; by virtue of the symmetries of the problem, it is then no loss of 
generality to suppose that n = 3. 

In the subcase where B > 1, we have |c| > AMBM and Proposition 14.21 again with 
L(£ ) = £4, yields the upper bound 

(7.5) MV * (ABM 2 )-^A- 2r B- r = M' 2 ^ A ~\' 2r -^ 'fl-Mi-*). 

Provided that — r < 1 — 6, the exponent on B is negative, so when B > A 1 / 2 this is 
153 

< M~ 2 ( 1 ~ f, ) J 4 _ 4~2 r ~2( 1 ~ b ). In the case 1 < B < A 1 / 2 we invoke instead Proposition gj] 
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with L = £4 — £3 to obtain an upper bound 



(BM) 



(7.6) (AM) 1 ' 2 



' 12 {ABM 2 )- {1 -^A- 2r B- r = M- 2 ^ b\-^- t A-l-^- 



2r 



< M- 2i ~ l ~ b) A~\~^ {1 ~ h) ~^ 



since the exponent \ — (1 — 6) — r is positive for b > I and r < 0, and B < A 1 / 2 . This 
is the same bound as obtained above for B > A 1 / 2 . The exponent on M is negative since 
6 < 1, while the exponent on A is negative if 

(7.7) _ r <^ + | (1 _ 6) . 

Under those conditions, this bound is summable over dyadic values of M, A, B. 

1 - b > \ > min(^ + |(1 - b), ^ + |(1 - b)) for all b <E (5, 1), so the condition that 
— r < 1 — b does not appear in the hypotheses of the Proposition. 

If ABM 2 < 1 then we use the upper bound < 1 for (a) in place of (ABM 2 )~ ( - 1 ~~ b \ and 
obtain the upper bound 

(7.8) {BMf' 2 {AM)- l ' 2 A- 2r = B^A'^ < {A~ x M~ 2 yl 2 A~\~ 2r = A~ l - 2r M~ l . 

Both exponents are negative for all — r < ~, so this is a less stringent requirement than 
(HZ}. 

Choosing r to be sufficiently close to (1 + 46)s reduces all these restrictions to the stated 
hypothesis on s. □ 

8. A priori BOUND IN Y s > b 
The next result is the second main inequality underlying our theorems. 
Proposition 8.1. For any s > — j£ and b € (5, 1) satisfying 

(8.1) - 8 < (1 + 46)- 1 min (i + §(1 - b), i + |(1 - 6)] 
any sufficiently smooth solution u of (|NLS*[) with initial datum uo satisfies 

(8.2) ll^llys. 6 II w llc , °(iT s ) \\ u \\Y s ' b 
where \\-\\co(h*) := \\'\\c°([-2T,2T],h°)- 

Proof. Choose r < (1 + Ab)s sufficiently close to (1 + 46) s. Let N > 1, let 77 be a smooth, 
compactly supported function, and let to £ Recall that u may be considered to be 
defined, and to satisfy the modified equation (|NLS*|) . for all t G R. 
Consider cc) := r/(t — to)T N 2„(u), which satisfies the equation 

(8.3) iw t + w xx = rf{t - t )T N 2sU + r](t - t )( (N 4s (t - t ))\T N 2 S u\ 2 T N 2sU. 

It suffices to bound u>(£, t) in the region where \t — £ 2 | > 1, for the contribution of the region 
|r — £ 2 | < 1 to the X 0,b norm of w is majorized by < IMIz^cZtdx)' hence by < HHIc ^ ) 
because as a function of t, w(t, x) is supported in an interval of uniformly bounded length; 
hence this contribution is majorized by < |M|(70(# s v 

We may express w(£, r) as a constant times (r — £ 2 ) -1 times the Fourier transform of 
the right-hand side of (|8.3|) . The contribution of the first term on the right is then easily 
handled, for \\rf(t - to)T N 2su\\ L 2( dtdx ^ < C \\T N 2 S u\\ co , HO s < C \\u\\ c o, Hs y After dividing by 
{t — £, 2 )~ l we therefore have a quantity whose norm in X ' 1 is majorized by < |l w |lc°(_ff a )- 
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The function rj(t - t )( (N is (t -to)) may be expressed as fj 3 (t — to) where fj E C°° is 
real-valued, is supported in a bounded interval independent of N, and is bounded in any 
C k norm uniformly in N. The second term on the right-hand side of (|8.3[) thus becomes 
\fj(t - to)T N 2su\ 2 f}(t - to)T N 2sU. 

By Lemma [6.31 the norm of fj(t — t$)T N 2sU in X^ 1+2s is < ||u||y s ,t. Proposition 17.11 
says that the X 0,b norm of the function whose Fourier transform is (r — £ 2 ) -1 times the 
characteristic function of the region |£| < N 1+2s times the space-time Fourier transform of 
\fj(t— to)T N 2su\ 2 fj(t— t )T N 2sU is majorized by < ||n||y s , 6 , provided that —2+26 < 1 — 26. □ 

Proof of Theorem For any finite T and 5' > 0, there exists 5 > such that the bounds 
of Propositions 18.11 and 16.51 together imply an a priori upper bound |M|c ([o,T],.ff s ) < 
provided that H^ollif 8 < 8 and IMIc°([o,T],/f s ) < 2(5'. 

To prove the theorem, it suffices to show that given any R < oo, there exists Eq > 
such that for any u$ E H° satisfying ||uo||_ff s < R, if u denotes the solution of (jNLSh with 
initial datum uq, then T eo u satisfies an a priori C°([0, 1],H 8 ) bound. Because s > -±, the 
equation is subcritical in H s ; there exists £o s ° that ||eito(ex)||//s < 6 whenever ||mo||h s < R 
and < e < e . We know that u E C°(H°), hence u E C°(H S ). For very small e, depending 
on ||wo||h°j we have ||r £ it|| c .0Q ,i],-ff s ) — ■ 

Now a continuity argument can be applied. If e > has the property that ||^w||cfO(ro,i],H*) < 
6', then there exists e' > e such that ||T e /ti||<TOQo,i] ,h s ) < 2(5', and provided that e' < £o 
and £q is chosen to be sufficiently small but depending only on R, this implies that 
||T e /'u|| c .o(ro,i],H s ) < $ • Standard reasoning shows that this must then hold for e' = Eq. □ 

9. Existence of weak solutions 

We now prove a weakened variant of Theorem 11.21 on the existence of weak solutions, 
showing merely that weak solutions exist in L°°(H S ) n C°(H S ) n Y s,b for all s' < s. The 
last detail, existence in C°(H S ), will be addressed in §101 

Lemma 9.1. Let s > — A. Let uq E H s , e > 0, and M < oo be given. There exist T' > 
and 5 > such that for any initial datum vo E H satisfying \\v$ — uq\\ Hs < 5, the standard 
solution v of (jNLSp with initial datum vq satisfies 

(9.1) / \v(h,£) -v(t 2 ,0\ 2 (0 2s d£ < e for all h,t 2 e [0,T'} satisfying \h - 1 2 \ < 5. 

J\t\<M 

Proof. Fix any 6 > |. For any e' > there exists <5' > such that any w E X°' b satisfies 
||w(ii, •) — w(t2, -)\\i2 < \t± — t 2 \' y IMIx - 6 f° r all 7 < 6 — ^ whenever \t\ — t 2 \ < 1, as follows 
from a standard Cauchy-Schwarz calculation. By rescaling we conclude that 

(9.2) \\P<Mv(ti,-)-P <M v(t2,-)\\H' < C M \h - t 2 \~< \\v\\ Ys , b 

whenever \t\ — t 2 \ < M 4s . 

We have already established an a priori upper bound for ||u||y«,i in terms of H^oHi/*, 
hence in terms of ||uo||/f s so long as 5 < 1. Consequently 

(9.3) / \v(h,0 -v(t 2 ,0\ 2 {0 2s dt < C' M e' 2 

J\i\<M 

provided that \t\ — t 2 \ < 5'M 4s . The claim follows. □ 
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Proof of Theorem M.SX Let s € (— y^,0), and then let s' G (— A,s) be arbitrary. Consider 
any initial datum uq € H s . Let (i>o,j) be any sequence of functions in if°(IR) such that 
vo,j uo in H s norm as j — > oo. Let E X°' b be the unique standard solution of the 
Cauchy problem (jNLSp with initial datum vqj. 

There exist b > ^ and T such that the sequence u^') i s uniformly bounded in C°((— 2T, 2T), H s )(~) 
Y s,b norm. Moreover, the mappings (— 2T, 2T) 9tn v^\t,-) £ £P are equicontinuous, 
by virtue of Lemma 19.11 and the inequality 

(9.4) / \M)\ 2 (0 2s 'dt<CM 2s, - 2s \\f\\ 2 Hs . 

J\£\>M 

For any large iV, decompose «w as 

w (i) _ ..CO , U (J') 

17 ~~ ^high ^ ^JVTow 

where w ^i ow (ij£) := v ^(t,Q when |£| < N and := otherwise. The equicontinuity of the 

mapping t i— > i/ n )(i, •) € if 5 ' implies precompactness of {uj^.j } in C 4 °(C^°) for x in every 
bounded region, for every N. A diagonal argument produces a subsequence, denoted again 
by such that for every N, Vjp., converges in the C (C°°) topology in every bounded 
region. Since is uniformly bounded in C°(H S ), there exists a distribution u € T>' such 
that ««J — > u in the topology of T>'. 

Equicontinuity, the uniform upper bound on t)W in C°(H S ) Pi Y s ' b , and (|9.4p together 
ensure (possibly after passage to the limit of some subsubsequence) that u G C°(H S ) n 
L°°(H S ) n y s,fc . It follows likewise that u(0, •) = ito( - )- The proof that the limit of some 
subsequence actually belongs to C°(H S ) will be completed in SjlOl 

It remains to show that u is a weak solution of the equation. To simplify notation, 
denote the nonlinearity by Af(v) := \v\ 2 v. It follows directly from the above convergence 
that J\f(Vtf. law ) converges to M(u N .\ ow ) in C°(C™ C ) for every N. 

For any e > there exists N such that 

(9.5) \\AT(v^) -Miv^JWy,^ < e for all j. 

This follows from the basic trilinear estimate, Proposition 17. 1\ since v^. high is arbitrarily 

small in Y s ' b provided N is sufficiently large, while the low part is bounded uniformly in 
N. Likewise Af(u) -M(u N .i ow ) is < e in Y 8 '^ 1 for all j. 

These conclusions together imply that J\f(v^') — > M{u) in the topology of V . Since i>C?) 
is a solution of (|NLSp . it follows that u is likewise a solution. □ 

10. Continuity in time 

Since weak limits cannot be taken directly in spaces C°(H S ), some additional argument 
is needed to ensure that the weak limits constructed above do belong to these spaces. In 
this section we bridge that gap by establishing a certain limited equicontinuity with respect 
to time. 

Recall the expressions ^ v (t,u) = f R \u(t, £)| 2 </?(£) d£- Additional control on the solution 
u can obtained by analyzing for weights ip which are more general than (£} 2s , and 

are specifically adapted to the initial datum uq (cf. the "frequency envelopes" used for 
instance in [12]). We have actually proved the following statement more general than that 
announced earlier. 
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Lemma 10.1. Let s > — A and s' £ (5,0). For any nonnegative C 2 weight function tp 
satisfying 

(10.1) V (o < (o 2s ', y/(o < (e) 2 *' -1 , ^"(6 < (e> 2s '- 2 , 

/or any initial datum uq E the standard solution u(t,x) of (|NLS[) satisfies 

(10.2) * p (t,«)-* v (0,«) <C||«||^., 6 . 

From this can be extracted a high-frequency continuity result. 

Lemma 10.2. Let s > — A. Let no € -£P and e > 6e given. There exist 5 > and 
N < oo such that for all vq € .ff satisfying \\vq — uq\\ Hs < 5, the standard solution v of 
(jNLSp with initial datum vq satisfies 



(10.3) / \v(t,0\ 2 (0 ZS <%<s 

J\S\>N 

for all t G [0,T]. 

Here the timespan T € (0, oo) is fixed, and it is assumed that ||tto||# s is sufficiently small 
that the proof of Theorem 11.11 applies to all smooth solutions with initial data satisfying 
\\vq — ^o||h s < #0) where 5q depends on T. 

Proof. Fix any exponent s' € (s,0). Let e > be given. Choose M < oo so that 
f\£\>M l^o(OI 2 (^) 2s ^ < e2 - Then there exist a large parameter M' > M and a weight 
function </? satisfying the three inequalities hypothesized in Lemma llO-H with exponent s 1 , 
such that 

(10.4) e- 1 (Z) 2 '><p(Z)>{Z) 2 ' for all C, 

(10.5) (p(§ = e _1 (0 2s for all |£| > M', 

(10.6) = (0 2s for all |C| < M. 

M', (p depend on e and on s'. The conclusion (|10.2p of Lemma 1 1 . 1 1 holds with a constant 
C independent of M, e. 

Thus by (fT0T2l) . 
(10.7) 

i«o(oiV(o^<2 / i«s(oiV(o^+2 /" i«b(o-«?(OiV(o^ 



|£|>M' •'|?|>M' ^|f|<M' 

< 2e + C^Hno - Mollis 
where depends on yj, hence ultimately on e. Therefore there exists 5 > such that 

(10.8) / |t5o(OlV(e)de<3e 

for every € satisfying H^o — ""ollj^s < <5. 

For such initial data vq, the associated solutions v have uniformly bounded Y s,b norms, 
with a bound independent of e, provided that <5 is sufficiently small. Therefore by Lemma ll0.il 
&tp(t, v) = J R \v(t, C)| 2 y(C) is bounded by a finite constant independent of e, M, M' uni- 
formly for all i € [0,T]. Therefore since (C) 2s < £</?(£) for all |£| > M', 

(10.9) / \v(t,0\ 2 (0 2s dH<e [ \v(t,0\M0^<e, 
J\£\>M' J\t\>M' 

provided that t S [0,T] and ||fo — wo 1 1 jys < 6. □ 
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Thus if uo,Vq are initial data with uq £ H s and Vq G H°, and if — > uq in the 
H s norm, then the corresponding standard solutions v^' form an equicontinuous family in 
C°(H S ). Therefore passage to the limit through an appropriate subsequence produces a 
solution in C°(H S ), satisfying the other conclusions of Theorem 11.21 

Remark 10.1. Lemma 110.21 has the following direct consequence. Let s > —jn- If there 
exists r > — oo for which the solution mapping from datum to solution of (|NLSp is con- 
tinuous from H s to C°([0, T], H r ), then the solution mapping is continuous from H s to 
C°([0,T],H s ). 
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